As we demonstrated earlier, conventional mathematical models based on linear approximations may be inadequate in the analysis of properties of low-dimensional nanostructures and band structure calculations. In this work, a general three-dimensional axisymmetric coupled electromechanical model accounting for lattice mismatch, spontaneous polarization and higher-order nonlinear electrostriction effects has been applied to analyze properties of GaN/AlN quantum dots coupled with wetting layer. The generalized model that accounts for five independent electrostriction coefficients has been solved numerically via a finite-element implementation. The results, exemplified for truncated conical GaN/AlN quantum dots, demonstrate that the effect of nonlinear electrostriction in GaN/AlN nanoheterostructure quantum dots could be significant. In particular, the influence of nonlinear electromechanical effects on optoelectronic properties is highlighted by the results on band structure calculations based on a multiband effective mass theory.
Introduction
GaN/AlN nanodimensional heterostructures are the promising candidates for current and potential applications in optoelectronics due to their unique properties [1, 2] . The optoelectronic properties of the nanostructures are being engineered with strain and related effects [3] [4] [5] . These effects may also be coupled with a combination of thermal, mechanical and electromagnetic effects [2, 6] , making the analysis of band structures of such nanostructures a very challenging task. While many such effects, including piezoelectric, can often be described with linear mathematical models, in some cases we need to deal with complex nonlinear phenomena associated with such couplings where linear models become inadequate [7] [8] [9] . An example of this is provided by phase transformations and other nonlinear phenomena where a combined influence of stress and temperature may substantially affect band structures and properties of corresponding materials [10, 11] . The analysis of such nonlinear phenomena can efficiently be carried out with recently developed numerical methodologies and model reductions (see [12] [13] [14] and references therein). GaN/AlN-based nanostructures belong to a group of nanostructures where coupled nonlinear effects and phenomena are expected to be of considerable interest [15, 16] . Indeed, recall that the static and dynamic influence of spontaneous polarization, piezoelectric effects, lattice mismatch and strain effects are significant in GaN/AlN wurtzite structures [17] . Furthermore, GaN has been found to possess a significant quadratic component in its electromechanical response [18] . Due to low symmetry of the wurtzite crystal lattice, the built-in piezoelectric field at the GaN/AlN interface governs optical properties and electrical polarization, and has a great impact on their optoelectronic properties [19] [20] [21] [22] . Also, due to a number of effects that were accounted for in the past (e.g. those caused by a high built-in electric field in GaN/AlN and others) the conventional application of linear models to the analysis of optoelectromechanical properties of nanostructures in bandstructure engineering was inadequate [9, 23] . These effects, which in many cases are nonlinear [11, [24] [25] [26] [27] , and their influence on optoelectronic properties of nanostructures deserve further and more detailed studies.
A multi-dimensional self-consistent problem [6, 15] accounting for nonlinear electrostrictive effects has not yet been fully addressed in spite of the recent experimental and computational evidence demonstrating that a combination of dimensional effects and electrostriction could lead to the interesting new physics [28] . Here, we focus on the threedimensional axisymmetric case (effectively reduced to a 2D case due to symmetry), paying particular attention to the influence of higher-order nonlinear electromechanical effects in quantum dots (QDs).
Up to date, much research on electrostriction of lowdimensional nanostructures has been focused on single-walled carbon nanotubes (CNTs) [29, 30] and with a widening range of CNT applications [31] this research will continue to be vital. This is also true in the context of various types of electroactive polymers, elastomers, polycrystalline ceramics, ferroelectrics and electrostriction-based devices where some results on experimental measurements are available in the literature [32] [33] [34] . The importance of nonlinear electromechanical effects with their consequent influence on properties of such nanostructures as quantum dots have also been reported in the literature [28, [35] [36] [37] . However, no consistent systematic studies based on the fully nonlinear model accounting for electrostriction phenomena in lowdimensional nanostructures have been undertaken.
In what follows, we present a fully coupled electro-elastic, three-dimensional axisymmetric model accounting not only for lattice mismatch and spontaneous polarization, but also for higher-order nonlinear electrostrictive effects and apply this model to investigate the effect of electrostriction on properties of GaN/AIN nanoheterostructure QDs. Since the coupling between QDs and wetting layer (WL) is essential [38] [39] [40] [41] , we present the results for truncated conical QDs with WL as a representative example. The truncated conical QDs had a bottom radius, top radius and height of 9, 6 and 3 nm, respectively, coupled with a 2 nm thick wetting layer, as an example. The dimensions used are close to the experimentally grown QDs [2] .
Theoretical formulation
Our model is based on the coupled system of elasticity equations and Maxwell's equations with constitutive relationships in the axisymmetrical case accounting for the piezoelectric field [42] . Nonlinear constitutive equations for wurtzite crystal structures accounting for higher-order effects such as nonlinear stiffness, electrostrictive, elastostrictive and nonlinear dielectric permittivity are taken into account [43] and the corresponding constitutive relationships are used to construct the governing equations. Our coupled electro-elastic model takes into account all five non-zero independent electrostriction coefficients, while other higher-order nonlinear terms such as nonlinear stiffness, elastostrictive and dielectric permittivity coefficients are neglected. This allows us to single out the contribution of electrostriction on GaN/AlN quantum dot properties. The considered domain is discretized in triangular elements and the model is solved self-consistently via a finiteelement implementation. The resulting electromechanical distributions are then incorporated into the eight-band k · p model and subsequent band structure calculation is performed. We demonstrate that these contributions can be essential in explaining new physical properties of such low-dimensional nanostructures.
The coupling in our physics-based model is implemented via constitutive equations derived from the thermodynamic Gibb's potential as follows:
where the related parameters are stress T i j , strain S i j , electric field E n , electric flux D k and spontaneous polarization P sp .
The related linear coefficients in the above constitutive equations are referred to as the stiffness coefficient c
Higher-order nonlinear properties are defined here by the nonlinear stiffness coefficient c
In the following formulation, our major focus is on the nonlinear electrostriction coefficient B i jnr .
The electrostriction coefficients, B i jnr , are reduced for a piezoelectric poled in the z direction which is also an axis of symmetry. The index reduction for the electrostriction coefficient in this case can be summarized as follows: 
Then, the corresponding term in equations (1) has the following form: 
(Pa) (following notations of [44] ) in stress terms [18] . We single out the coefficient B 333 due to the symmetry considerations and the fact that as far as we know it is the only experimental available coefficient. Indeed, the experimental studies of electrostriction properties of semiconductors are very limited. The authors of [18] measured the electrostrictive coefficient in the III-V semiconductor GaN by measuring the field-induced strain using an interferometric technique. We emphasize that the model presented here can account for all five independent coefficients in equations (2) and (3). However, for the reason indicated above we follow [18] , focusing on the coefficient B 333 . The governing equations of coupled electromechanical interactions for the axisymmetrical case are reduced to the following two-dimensional system [45] :
Such coupled systems in their linear setting have been analyzed in detail mathematically [46] [47] [48] [49] [50] 45] with efficient numerical methodologies developed for their solution in [51] [52] [53] 45] . The situation becomes even more challenging in the nonlinear case with no similar mathematically rigorous results known. Note also that, if transport phenomena need to be included in the analysis of nanostructures, additional effects may have to be included into the model (e.g. Pekar's mechanism for electron-phonon interactions and others [54] ). We focus here on the time-independent situations. Given the above assumptions, the explicit form of nonlinear constitutive equations for wurtzite (GaN/AlN) crystal structures are 1 
In a wurtzite GaN/AlN crystal the tensorial coefficients in equations (5) take numerical values given in table 1 according to the following references [55, 56, 19] . First, we confirm that the normal strain component zz is completely symmetric in the case where the GaN/AlN quantum dot is considered without a wetting layer (see figure 1(a) ), as expected from previous studies [57] .
Results and discussions
Since the electrostrictive coefficient (B 333 ) that enters the model appears in equations for T zz and D z only, there is no influence on the normal strain in the r direction ( rr ). The normal strain in the z direction ( zz ) for our GaN/AlN quantum dot with a wetting layer is presented in figures 1(b) and (c).
The distribution of dielectric potential in this case is given in figure 2(a) . We note that the linear results presented in figures 1 and 2(a) for the quantum dots with a wetting layer are in agreement with the results of [57, 58] . We observe that the major influence of the electrostrictive term is inside the quantum dot (GaN) although there are minor deviations in the matrix material (AlN) too. As expected, the linear results of zz and the results from the nonlinear case with the lowest value of M 33 = 10 −21 m 2 V −2 are almost identical, since the nonlinear effect has been reduced by decreasing the electrostrictive coefficient. As shown in figure 1(b) , zz is changing to a flat line by increasing the electrostrictive coefficient M 33 which is caused by a dramatic change in the electric potential from the linear case presented in figure 2(a) to the nonlinear case in figure 2(b) . As seen from figure 2, the maximum and minimum voltages have dropped dramatically from 1.761 V to 0.255 V and from −1.437 V to −0.283 V, respectively, caused by the higher-order effect which moves the pick points to the side edges and recovers the voltage on the top and bottom edges. However, the order of magnitude of the electric field (10 7 MV cm −1 ) remains the same as reported [59] .
In order to highlight the influence of nonlinear electromechanical effects, and particularly electrostriction on optoelectronic properties, we analyze the band structure of our quantum dots with an eight-band k · p model [2] . Here we consider an experimentally reported value of M 33 = 1.2 × the eight-band k · p Hamiltonian can be found in [60] [61] [62] .
The wavefunctions for the ground state of truncated conical GaN/AlN QDs with WL have been calculated using an eightband k·p model. They are presented in figure 3 , demonstrating the influence of the piezoelectric and electrostriction effects on electronic localization and ground state energy for the truncated conical QD with WL of thickness 2 nm and with a height of 3 nm and radius of 6 nm. When neither of the effects, piezoelectric or electrostrictive, is accounted for, figure 3(a) shows that the electron localization is symmetric with a ground state energy of 4.1449 eV. However, the upward shift in localization and a significant decrease in the ground state energy, 2.627 926 eV, is observed when electromechanical effects are accounted for, as shown from figure 3(b) . Further, on accounting for the electrostriction, the electronic localization as well as the ground state energy becomes similar to the case of figure 3(a) with a ground state energy of 4.417 723 eV. We also observe a similar trend for other geometries, for example cylindrical QDs with the ground state energies, 4.197 13 eV, 3.453 402 eV and 3.763 699 eV, for the cases without piezoelectricity and electrostriction, with piezoelectricity, and with piezoelectricity and electrostriction, respectively. The electrons are pushed to the QD top when piezoelectric effects are taken into account. This is due to the significantly higher magnitudes of the electric potential and the nature of its profile (figures 2(a) and (b)) [60] [61] [62] [63] . This effect was experimentally observed through magneto-tunneling spectroscopy measurements that allow the mapping of the electron wavefunctions [64] and was also theoretically proved [65] . The reorganization of electron localization along with the ground state energy is a result of the linear electromechanical phenomena as well as the electrostriction which have the opposite effect on the resulting electromechanical fields and subsequently on band structures [28] . These findings lead to several new questions if one attempts to compare them with the previous experimental results [59, 60] , where a dramatic decrease of the emission energy with the QD height has been observed. To answer such questions, the effect of all electrostriction coefficients should be analyzed. However, experimental results on such coefficients are currently absent in the literature.
Conclusions
In summary, we have analyzed the effect of nonlinear electrostriction on electromechanical properties of quantum dots. In particular, we have demonstrated that the contribution of higher-order nonlinear electrostrictive terms can be significant, leading to new insights into physical properties of low-dimensional nanostructures. The importance of these new results has been exemplified by band structure calculations based on a multiband model. Further experimental studies of electrostrictive coefficients in GaN are necessary for a more precise evaluation of the contribution of such nonlinear terms.
